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1. Introduction

Wenchang Chu [2] showed that some seemingly difficult identities
can be proved in a simple way by performing partial fraction
decomposition to a suitable rational function, and then taking a certain
limit. For further applications of the partial fraction decomposition
method, see [1, 3-5].

Although for the cases that we study here, the method called g-Rice
method [11] is computationally equivalent, we prefer to express everything
in terms of partial fraction decomposition, which is conceptually simpler

than contour integrals and residues.

We reprove in this way some identities from [10] and from [8] in this
very simple fashion and obtain also some additional formulae. Especially,
we generalize some main results in [10] and special cases of the g-Pfaff-

Saalschiitz summation theorem and the g-Chu-Vandermonde identity.

As usual, we follow the notation and terminology in [9]. For |g| < 1,

the g-shifted factorial is defined by
(a; @), = H(l —aq”) and (g q), = (a;—q)oo, for n e Z.
5=0 (aq"; q),,

For convenience, we shall adopt the following notation for multiple

g-shifted factorials:
(a1, ag, ..., ap; @), = (a1; @), (a9; @), - (apm; @),
where n is an integer or infinity.

The g-binomial coefficients, or the Gauss coefficients, are given by

n (@ 9),
=3(a5 (@ @)y

k 0, otherwise.

, if 0<k<n,
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The (unilateral) basic hypergeometric series ,¢, is defined by

A ay, Ag, ...y ar' 02| - i (a1, ag, ..., ap; Q) [(_ l)kq(é)}lﬂrzk
o b b b , , (q’ bl’b27"'9bs;q)k '
1> Y2y «--» Ug k=0

2. Some g-Series Identities of Guo-Zhang

In [10], the authors proved new generalizations of some g-series
identities of Dilcher [7] and Prodinger [11] related to divisor functions.
They also obtained some special cases including an identity related to

overpartitions given by Corteel and Lovejoy [6, Theorem 4.4].

In this section, using the partial fraction decomposition method, we

give new proofs of some theorems in [10].

Theorem 2.1 [10, Theorem 1.1]. For n >0 and 0<1[, m < n, we

have
n|n . -1, 1,|
t, t ; . m+ B B
>, @/6 D Dot i Cypng ") gt gy tea7s q),
1- k-m
k=0 | k q m
kzm
n—1-1 _ n _
y tqk m ~ qk m
por 1 tqk—m ~ 1_qk7m
k=m
Proof. Set
-1
5 tz; _z¢ 5
Flz) = (@ @) (2 a)py(ta™; @)

(& Dnia (z-¢™™)
Performing partial fraction decomposition on F(z), we have
n

b b
F(z) = LI ntl (2.1)
;l—zqk (1-2¢™)
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Multiplying both sides of (2.1) by z, and then letting z — o, we get
n
Zb—’; - 0. (2.2)
k=09

Now we compute b, for £k =0, 1, ..., n.

For k # m, we have

b, = limk(l - 2" F(z)

z—>q "

(@ q), (tzq),,(ta”"s q),
2 Qpia (z-q¢™)

limk(l —z¢") (

z—>q

1
(@5 @), (t2z; @), (tq™"; q);
2>a7 (2 9), (26" @), (2 —q™™)

_ (@ a5 a)q(tas a)
(67" (@ @), (@ =g7™)

_ l)kq(%l%k(q; Onta™ @)t ),
(tg™" 7 ) (6 @), (@ @) (s @), (1—g"™)

nl (- 1)kq(k§1%k(tq”“; @) (ta™; @),

k 1 _ qk*m

"G/ q)k(tci:l; Dk )
k 1-¢"™

For k£ = m, we have

by =—¢ ™ lim D {(1-2¢" ) F(2)}

z—q
-l
. t . t .
= —¢™™ lim D,{(1-zq™)> ((.1’ Dn_ (122 Dnilla 5 @)
z—q ™ (27 Q)n+1 (Z - q_m)
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-1
5 q),(tz; q), ;(ta™";
~ lim Dz{(q q),(tz qufﬂl(q Q)z}
z5q ™ (z @)n(za™5 @),
_ . (tz; ),
= (@ 9),(tg™"; q); lim Dz{ mfll
z5q ™ (z @)n(za™5 @)
_ _ —-1-1
@ ta s ata™ ),y | " tq" +Zn: q"
- N _(m2+1) 1- tqk—m 1_ qk—m
(-1)"q (@ @@ @)y | F=0 K=o

(m+1) n n—l-1 k n k

) ) _ tq q

=(-1""q" 2 (ta”'sq)(ta™; q)ny - :

m ’ kz(; 1-tg" ™" kzo: 1-g"™"
k#+m

Therefore, according to (2.2), we get Theorem 2.1. |

Theorem 2.2 [10, Theorem 1.2]. For m, n > 1, we have

C [n] (@" /6 Ol Dy i

Z k
=™ @1 =g" )"

g k
k- Wy o — km
1§]€mg...gk1§n(1_tql 1)(1_(]1) (1_tqm m)(l_qm)

Proof. Set

(q; Q)n (tzq_m+1; q)m+n—1
& @it (t7™; @)pin(ta™™ 5 @)y 4 (2 —1)"

F(z) =

Performing partial fraction decomposition on F(z), we have

n b m+1 c
F(z) = By B (2.3)
,;l—zqk ,;(l—z)k

Multiplying both sides of (2.3) by z, and then letting z — o, we get
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n
Zb—’]z = 0. (2.4)
k=09

Now we calculate b, for 0 < k < n.

For 1 < k < n, we have

by, = lirrlk(l - 2q"F(z)

z—q

-m+1
lim (& 2n(20™"; Dinns
207" (25 @) (26" ) (0075 @) (1075 @)y (2 - 1)

-m—k+1,

_ (g5 9),(tq ; Dment
& - - “k
(0" @)@ @i (t@™™; @pan @™ @)1 (@F 1)

k+1 L o
" (_ 1)kq( z )-‘L m(tq m k+l; Q)m+n—]_

k(0™ @)pin(tg™™ 5 @), (1= g )"

k+1
ki o
(= 1)’“(1( i'h "(tgT™ M @), (6 ),

- k
k| (ta™™; @pin(1-a")"

(@™ /t; q),(t ),y k
k)5 @), (1= a" )" -

For k = 0, we have

-1)" . m m+
bo = % tim D {1 - 2 ()|

4

CU” i D(m){ (- D"(@: @ (2675 @y }

| — _
mi 2ol (2q: ), (g™ Qpon(ta™™ 5 @) 4
—m+1
= (% ), lim D™ {(tzq " q)m+n—l}
- - 2 ;
(tg™; q),,.,(tq m+, q),,ym! Z-1 (2q; q),
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(g 9), m1(t2a7" @)
= z—-1
(ta™™; @) (ta™™ s @)psns le 1)) (zq: q),,

(q; Q)n [wm] (t(w + 1)q7m+1; Q)m+nfl
(ta™™; @) (ta™™ s Q)i (w+1)g; q),

m+n-1 twqierk
1 szl [1 - 1-— —m+k

tq
(ta™; q),, Hn [1_ wq* J
k=1 1-— qk

In order to read off this coefficient, we have

k=1-m 1—ta®

[w™ ] i
n wq
[T
k=1 1-— q
e )
1<k, <<k <n 1- qu 1- tqkl_l 1- qk’” 1- tqkm_m
_ Z d"(1-tg™h)  gma-tg™)
1§kmg...§k1£n (1 - tqkl_l)(l - qkl ) (1 - tqkm_m)(l - qkm )
g" g'm

=(tg™™; q)p, :
k-1 k fopy —
1<km<Z-<k1<n(1_tq1 JA1-q") Q-tg" )1~ g"m)
For the first equation of this chain of equalities, we argue as follows:
We have to select altogether m w’s from the factors. Factors in the
denominator can be chosen arbitrary often, but factors from the

numerator only once. Let k; be the largest number such that & —1 from
the numerator is chosen or, if not, such that %; is chosen from the

denominator. This gives a contribution
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" ) tqh ! |
1-gh 1-tgh™!

Now, let kg < k; be the largest number such that iy —2 from

numerator is chosen or, if not, such that kg is chosen from

denominator. This gives a contribution

7" ) 1q"2?
1-g" 1-tgh2

Then, let k3 < kg be the largest number such that k3 —3 from

numerator is chosen or, if not, such that ks is chosen from

denominator, and so on.

Therefore, we have
15 ki,
by = q q )
Z 1-tg" ) (a-g") (1-tg" ™)1 -g"m)

1<k, <<k <n

According to (2.4), we get Theorem 2.2.

Theorem 2.3 [10, Theorem 4.1]. For m, n > 1, we have

(™™ Qa1 -a")"

n {n] (@" /[t @)t/ & Dy

k=1| k
n k Ky k
T s
-2 k kg3 k
(1=t )0 -¢") a1 -tg? 7)1 -q?)
ko _q4—1 o Koy
x mzl —tqkm i _ ul qk’"
Ty — k
o 1-tg™m™™ =1 -gm
Proof. Set
—m+1
F(Z) _ (q’ Q)n (th mr > Q)m+n—2

(25 D1 (tg™™; q)m+n_1(tq_m+1; Q)m_z(z -

the
the

the
the
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Performing partial fraction decomposition on F(z), we have

n m+1

Fl2)=Y b +Z(1 sz)k. (2.5)

i
mol-29" =

Multiplying by z on both sides of (2.5), and letting z — «, we get

n
Zb—’; - 0. (2.6)
=09

Now we calculate b, for 0 < k < n.

For 1 < k < n, we have

by = lim (1- 2q" F(2)

z—>q

. (@ 0),(t2a™™ 5 @)y ns
27" (2 @), (26" @), 1 ((07™5 @) a1 (ta™™5 @), oz 1)

-m—k+1
_ (@ 0), ™" @ ins
- - - &
(@7 (@ D™ Opina(ta™™™ @ppg(@™ 1)

q k+1
. ki —m—
"= 1)"(1( ) "(ta" Y @) ens

0™ Opina(ta™ 5 @), o (1 - ¢" )"

7] (- l)kq(%l%km(tq_m_k”; @)t/ @ @)y

2 (ta™™; @pona 1 -a" )"

M@ O @ Dk,
k)60 @ (- 0")" @

For k = 0, we have

-1)" . m m+
bo = C 0 tim D {1 - 2y F(e)|
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= —(_ V" lim D™ { -1D" (g q)n(th_mH; Dman-2 }

! — _
m: 2ol (2q; @), (ta™™; @) pna(ta™™ 5 @)_s

-m+1
— (q’ q)n hm D(m) (th mr 5 q)m+n72
- z

(ta™™; @)ppon(ta™ ™5 @), _gm! 221 (zq; 9),

—m+1
_ (q; q)n [(Z _ 1)m] (th mr 5 q)m+n—2
a5 D1 (a5 @) g (2q: q),

(@ q), "] (tw + 1) @) pins
(tg™™; q)m+n_1(tq_m+1; Q)2 (w+1)g; q),

Hm+n—2[1 twq_m+k j
_ 1 [w™] k=1 1- tq_m+k
- -m, n k ’
(ta™™; @) T |-
k=1 1-q*
In order to read off this coefficient, we have
k=1-m 1-— tqk
n k
wq
[ L[
k=1( 1- qk]

n k T —2 ky k ko—3
1_oft  1_i -2 £ kg _ ka3

"]

[w

=1\l — 4 lq —\1-gq tq
Fug km—1 t kp—1-m

X : 1 1 P
hpacl\L—g 1 —tgmt

oy — —m— _
[ s )
= 1_qkm l—tqk’"_m_l 1_tq—m



PARTIAL FRACTION DECOMPOSITION PROOFS ... 11

. _ k: . _
_Zn: g"(1-1tg?) 21: d?1-w?)
T (1 gl 2) (1 gh 1123y (1_ oh
o=t gt )(1-q") o (1 -tg2 )1 -q"2)
Ky —
¥ gm1-1g™)
k - k
o (1= tg™ 17" ) (1 - g1

X

Ky — Ky — —m— _

x NI A o 7 L Lt

k kyy —m—1 -
k’m:11_qm km:1]‘_tqm mn l—tq m
n kl kl kZ
- q q
- k-2 k ko—3 k
Ao -tg 7)1 -q") g3 (1-t¢™ 7)1 -q?)
. L) qkm—l k1 qkm ~ k-1 tqk’m—m—l

Fm-1= k k PR ——
et (L =tg™m )1 - g ) (=1 -g ol —tg

n k- ky ki
ql 2

- q
:(tq m;Q)m_l
- Z . k
]g1=1(1_tqk1 2)(1_qk1)k2=1(1_tqk2 3)(1—(] 2)

km—Z k km—l

. . dr ST
bm-1- k k ko —
e (L=t ) (1= g™ L) (=1 -g™ = 1-tg"™ "

The explanation is very similar to the earlier instance Theorem 2.2. The
difference is that, if k,, = 1, there is an exception, since k,, —-m —-1=-m

is out of range for the numerator, and thus such a term cannot be taken.
Perhaps a more aesthetic way would be to write

) k
[T, [
k=1-m

l—tqlC

k
[T
k=1 1 k

-q

[w™]

ky

_ [ q B tqkl_2 J( qkm B tqkm_m—l ]
Z k k-2 k b —m—1
2<ky, <---<kj<n 1-¢" 1-tq? 1-g"m 1-tg"m "™
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N Z ( qkl B tqk172 ][ qkm_l B tqk‘m_l—m
& k-2 % [
1<hy 12 -<h<n =@ 1—tg™ 1-gmt 1-tg"m1"
. _ k o
d"(1-tq?) g"m@-tg ")

o<ty <ochy<n (1= g")(1-tg" ) (1-g"m)(-tg"m )

k - k _
. "(1-tg®)  g"m1-tg™)

1ehy e M=) (1 -2g"7?)  (1-g'm 1) -tg"m1m) 1 g

by k

q q™m

=t ), Y,

vek, oy <n (1= (1 -1g"7%)  (1-g"m)(1-tg" ")

qkl qkm—l

@ D

1ehy e (- g1 -1g" ) (1-g'm ) (1 -tgfm1) 1

Therefore, we have

n ky
b= ¢" 3 ¢
k1 —2 k ko —3 ki
o=t )1 -q") o (1-tg? 7)1 -q™)
) K —1 qkm . k1 -1 tqk’”_m

kp—m

k
kmoll—a@™ g 1-tq

According to (2.6), we get Theorem 2.3.

3. New Results

In this section, using the partial fraction decomposition method, we

get new generalizations of some main results in [10], and also obtain

some other new g-series identities, including generalizations of special

cases of the g-Pfaff-Saalschiitz summation theorem and the g¢-Chu-

Vandermonde identity.
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After that, we give proofs of three theorems given by Guo and Zhang
in [10]. While we do not find a proper way to prove [10, Theorem 1.3] by
using the partial fraction decomposition method, we do get the following
similar new result:

Theorem 3.1. For m, n > 1, we have

(g /6 @) (va™; @)t @),y (& Q)mt
= (@ 00 (@ D@5 D

B i (ta"; @) 6 D@ /v @) 4

k -k
= (9" @)1 @™ (@ D i (@ Q)

_ 6Dt 9, i 7"1-v/q) _Zn: ¢"(L-t/q) ] (3.1)

(@ D@ D | S 1 -vg" A -¢F) S (1-td"1)1-q")

Proof. Set

Fe) = 2 Ot D (20" ™ /v @), ( v )’"

(25 @)1 @) (2675 @)n
Performing partial fraction decomposition on F(z), we have
n

F(Z'):Z:1 Ok +i o S S (3.2)
=}

s 1‘Zq 1=z 12y

Multiplying by z on both sides of (3.2), and letting z — o, we get
b O C
Z—k, + Z_—kk = —a. (3.3)
k=19 k=19

For 1 < k < n, we have

b, = lim (1 - 2¢" )F(2)

z—)q

C tm (2 @)t D(2¢" ™™ /5 @)y (Ej’"
S0 (2 @) (205 @), 0 (275 @
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(6075 @) D@ v a), (gjm
(0" @)@ @) 0 Dy (@™ 5 @)y N O

_ 1)kq(k§1)*k(tq_k; @)t 0 (v4"; @)

(@ (@ D D (@"5 Q)i

s @)t @)t @), (v9™; @)y
(@ 0@ Oy 3 04 (@"5 @)psa

g Pl

g/t @)™ @)t @)t @)y (tq)t
= i q)"
(@ 0),©; @)@ (@ Dppia

For 1 < k < m, we have

¢, = limk(l -2 ")F(2)

zZ2—>q

m

~ _ lim (12 0), (6 D20 ™ /v @)y (E
Q)

—k+1,
b

24" (2 @)1V @), (2¢7™;5 @), (20

(ta"; @)t D(a™™ " /05 q), (3)’”

(0" @)y @), (™5 @), i (a; q)), \ 9

_ - 0108)g; 0,6 Dpva™; 0

(@"; @)pi1 @ @)@ Dpoi(@ @),

_ l)k”q(l‘%)(tqk; D Dar(0a™ 5 @),

(@ @)1 (d™ % @) (@5 @) i (@5 Q)

(10" @)y @nirla /v )y (3)’“‘
(@": @)1 (@™ @)@ Dpopl@ @)y, \2
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Now we compute a;

ay = ~lim D_{(1 - 2" F(2)}

= lim D, {(tz; 2), (& Q)m(qu_m /v q), (%)m}

2ol (295 q),(v; 9),,(2¢™™; q),,
_ 6D (VY L D {(tz; ), (24" /v; q)m}
(v; @), (qj 21 ¢ (2¢; 9),(z¢"™; q),,

Dy (gjm lim [(tz; 9),(2¢" " /v @),

- (v; q)m (Zq; Q)n(zq_m; Q)m

z—>l1

S
ol

15

n-1 m-1 m
O R It e
k

1-tzq" kzoz—vq kzll—zq =1z q

_ (6 9wt 9@ /05 q) (gjm
q

W (@ (@™ @)

im0l —tq ko0 l-vq :11—q k=

—

n-1 tqk m-1 1 n q m
I S e

1-vg

GG, [ ¢ gt . 1
" @), @), Z[ Eq_ klj Z( E-1 1_qk-j]

k=1

B Qut ), Z”: "1 -1/q) i d"1-v/q)

(@ Dl Do | (1 -16" ) (1-6") H1-ve" )14
According to (3.3), we get (3.1).

When we set v = ¢t 1n (3.1), we obtain

n m

)

tk

& Dyt Dar(a/t @) Z & D& @)nr(a/ 6 Q)
(0" Qa1 (@ D@ 06 q)k ~ (" 0)1(@ Dpyr(@ Q)G

Q)
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-t/ ), q), [~ 7" < 7
(@ Dpla ), {Z (1-tg" 1) (1 - ¢*) Z

1 i
k=1 =QQ-tg")(1-q")

(3.4)

which is v = ¢ case of the following theorem given by Guo and Zhang in
[10].

Theorem 3.2 [10, Theorem 1.3]. For m, n > 0, we have

S (g /t q)(va™; @)t @)y Do o < (@ /), (va™; @), (6 @it @)y ok

= (@ 0),0; D@ @)nin (@ @pin = (@ 0,0 (@ Dy (@" @)pis
0=t/ 9l 9 (X q" '~ q"
(@ Opla 9), ; (1-tg" 1)1 -q") ,; 1-td" Y1 -¢"))

Interchanging m, n in (3.1), we have

(g /6 @), (va"™; @)t @)pi & @), o
=~ (g5 )03 O (@ @i (@5 @)pin
- Zn: (ta"; @), 16 Dpmarla /v )y o

k -k
(0" D1 (v@" ™5 (a5 @)y (@5 @)y,

(6 Dt 9, Zn: ¢"1-v/q) v 4"1-t/q)
e

@ D@ D (G 1-v 1 -¢) Ea-td A -¢))

(3.5)
Combining (3.1) and (3.5), we get

S (q/t ) (va™s @)t @)y @y i
= (@ 003 (@ D@5 D

N0/ 0 (va"; @)l D6 Q) i
= (@5 00 (@ Drn (0”5 Dsa
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m

Z (ta"; )i @)pirla/v; )y i

k -k
= (q"; @)1 (va™ "5 @)@ @), (@ Q)

n

'y (ta"; @)y (& Deila/vi @l

k -k
=(q"; @)1 00" "5 (@ @)y (@ @)y

1-v/9)t ), ), [ q" N q"
T @ @ a), [Z (1-vg" 1)1 -q") Z(1 ~vg" 1) (1 - 4" )J

k=1 k=1 vq
L0-t/a9) @ a), (5 ), i q" N "
@ D@ @) | G0-tg"1)-¢") Ga-w'1a-4¢")

According to the above identity and Theorem 3.2, we have the
following identity:

n

Z (ta"; @)1 Dmarla /v @) o

k -k
= (@" @)y (va™™"; @)@ @)yr (@5 )y

~ i (ta"; )6 Dnila /v @) 4

k —k
= (q"; 9),.1(va™ " @) (@ )i (@ Q)

C1-v/9)t ), ), [ q* N q"
(@ Dnlw9), ; (1-vg" 1)1 -q") ;(1 —vg" 1 -¢") )

which can be obtained by interchanging v and ¢ in Theorem 3.2.

Remark 3.3. We were not successful to prove [10, Theorem 1.3] with
the partial fraction decomposition method. However, we offer the
following observation. The right hand-side of it does not depend on the
parameter v. If this fact could be shown by simple means, then we could
argue that the left hand-side also does not depend on v. Henceforth, we

could set v = ¢, and would achieve a proof.
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Next, making some changes on the rational function F(z) in the

proof of Theorem 2.1, we can get some new results.
Set

(va; @),z @),y (ta™ [ vs @), '

F(z) =
© (205 @) (z—a™™)

Then using the partial fraction decomposition method, we get

5o/t @) ta v ), (0 (™ @), (ta v q),
Ll = . (3.6)
; (@ @),(@ @)y (1 —vg" ™) (“) (va™; q)iq

Setting v and ¢ to be ag™ and ag™"™ /b in (3.6), respectively, we get the

following result:

Theorem 3.4. For n > 0 and 0 <[ < n, we have

(a,b,q7"; q),, (") = (¢ 9),(aq /b; q),

= . (3.7)
“4(q, ag, bg™; q), (aq; 9),(a /b @),

Setting [ = 0 in (3.7), we obtain

(. b.g"q) o (g.aq/biq),
=5 (a, aq, bg™"; q), (aq, q/b; q),’

which i1s ¢ = aq case of the g-Pfaff-Saalschiitz summation theorem

[9, Appendix I1.12]

- b . (c/a,c/b;q),
302 - P9 = T cJab;q),
¢, abqg™"/c
If we set a = ¢ in (3.7), we get

Corollary 3.5. For n > 0 and 0 <[ < n, we have

i (b: q_n; Q)k (ql+1 )k _ (q; q)n(q2 /b’ Q)n—l (3.8)

-n+l,

(g, bg™ q), (¢% @)n(a/b; @)y
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n-Il+1

When we set b = ¢ in (3.8), we get

n n-I+1

(q ) N
= (¢, 9% q),

n-Il+1 2

which is a = ¢ and ¢ = ¢“ case of the g-Chu-Vandermonde identity

[9, Appendix I1.7]

g, a " | (c/a;q),

; Q7 -
201 . a (c; q),

Moreover, we find that if we put a new parameter v in the proofs of

Theorems 2.2 and 2.3, we get generalizations of these two theorems.
First, we give a generalization of Theorem 2.2.

Theorem 3.6. For m, n > 1, we have

Zn: (vg; @), (vg™ ™" /8 @)1t/ v5 9), (1)“
- 1 k 1
=™ Opina(@ 1@ @)y, (1-vg" )™\
s g1 |
1<k Sghy<n (1 - tq" )1 -vg")  (1-tg"™ )1 - vg'm)

Proof. Set

g; @), (tza™™ 5 @) 0
vzq; @), (ta™™ v @) (™5 @)ping (2 —

F(Z) - 1)m+1 ’

Performing partial fraction decomposition on F(z), we have

n m+1

F(z) = Zb—k + “k (3.9)

I Mk
ml-vzg” 5 (1-2)

Multiplying both sides of (3.9) by z, and then letting z — o, we get

n

Zb—’f =—¢q. (3.10)

k
k=1 V9
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Now we calculate b, for 1 < k < n.

For 1 < k < n, we have

b = 1113f (1 - vzq" )F(2)

z—q " [v

-m+1
. (vg; 0, (24" Dpina
2>a7 o (v2; @)1 (v2¢" 5 @), 1 (ta ™™ [ 05 @) (ta ™ @)y g (2 - D)

-m—-k+1
vg; @) (ta™ " /v Qpina
(@' @1 (@ @i (ta™™ /13 @) (b5 @)pypa (@7 /0= 1)

k+1
_ ki —m—
_ (_ 1)k lq( 2 )* mvm+1(vq; Q)n(tq m—k+1 /U; q)m+n_1
(@ 1@ D (ta™™ /05 @)y (™ @iy (1~ vg" )™

k+1
k-1 km —m-
_ D q( b " (vg; @), (ta”" M 0 @)1 () v; @)y

- 1 k 1
(@ 1@ @)y (g™ @) g 1 —vg" )™
1 _
_ (vq; ), (g™ [ t; q)p_1(t/v; @),y (ij 1Um+1qm+k
— k 1 )
(@ @) 1@ @)1 (tg™5 @), (1 —vg" YAV

For ¢;, we have

-1)" . m m+
o = W tim piM{ - 2y R (e))

) D(m){ CU" 0 @)y (120" @y }
z _ —
ml 251 (waq; @), (ta™™ /v @)t @it

. - 1.
_ _ (Uq’ Q)n Lim ng) (tZQ m ’ Q)m+n71
(tg™™ [ v; @) (ta™™"5 @) ppypym! 221 (vzg; q),

_ (vg; 9), _qym (tzq_m+1; Q) min-i
(tg™™ /v @) (ta™™ @)psna le-1"] (vzq; ),
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(vg; q), 0™ ] (tw +1)g ™ )0
(ta™™ /v @) (ta™™5 @) pina w +1)g; q),

m+n-1 1 twq_m+k
1 Hk:l 1-tqg "*H

(tg™™ [v; q),, n vwgF
q q Hk:1(1 _ " q J

) 1 [ vgh tq ! J
T - b Ty -1
(tg™™ /v @)y, 1<k sk <n\ 1 —0g™ 1 —1g™
( qu'm ~ tqkm—m J
1-vgm 1-tg"m™m

1 vg" (1-tq' /v)
(tg™"™ /0 @) 1<k, Sty <n (1= tg" 1) (1-vg")

ug"m(1-tg™ /v)
(1-tg" ™) (1~ vg"m)

k k
qt qm™

1<k Sghy<n (1 - tg" )1 -vg")  (1-tg"m )1 - vg'm)

We read off the coefficient of w™ as we did in the proof of Theorem 2.2.
According to (3.10), we get Theorem 3.6. O

Setting v =1 in Theorem 3.6, we get Theorem 2.2.
Setting v = 0 in Theorem 3.6, we have
n(n-1 k+1
2 CapglEhm g
k=1l k-1

which is a special case of the g-binomial theorem [9, Appendix I1.4]
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-n

190 ;q, 2| =(297"; q),.

Setting v = ¢ in Theorem 3.6, we have the following result:
Corollary 3.7. For m, n > 1, we have

2 2 _

Z”: (¢% @), ("% /8 @)1t/ a5 9), (i)k !

- 1 k+1 1
= e @) pana (@ D@ @)y (1 - g™

by -1 fopy -1

_ q
> (1-tg"1)(1-g"™)  (1-tg" ™)1 - gty

1<k, <---<k <n
Letting n — o in Theorem 3.6, we have
Corollary 3.8. For m > 1, we have

i (vqm+1 /t; q)k—l (i)kl
-m+1, qk )m+1 v

k=1 (tq ) Q)m—l(Q’ q)k_]_(l - U

(@ 9t ) gh!
0 @010 ),y 2 (01" ) (1 - 0g")

g'm1

(-1 (1)

Setting m = 1 in Theorem 3.6, we get the following generalization of

[10, Corollary 3.3].

Corollary 3.9. For n > 1, we have

& (0q; @), (va% /6 @)1 (/v @y, (1T O i1
2 q),(vq” [t )1 /v q k(%) :Z q

=t O)n(@ 1@ @)y (1 - vg™™) —(1-1g" 1) (1 -vg*)

Now we give the following theorem, which is a generalization of
Theorem 2.3.
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Theorem 3.10. For m, n > 1, we have

C va; @), (g™ [t @)y (ta™ v @)y, AU
> &)

—m+1 Eyn+l \p
=™ Dpin2(@ D@5 @),y (1 —0g" )™ Y
v k-1 L) |
O o
—9 . - :
E-tg"?)(1-vg") S (1 -tg" 1) (1 - g L)

x —th

k
poo1l—vg™ == v - tug

Fom

1 g'm1 b=l -m-1 J

We perform partial fraction decomposition on

g; 9),(tz2a7™ 5 @)y
-m+1,

F(z) = —
(vzq; @), (ta™™ /3 @)1 (t@™™"5 @)pyn2(2 —

1)m+1 ’

Similarly to the proof of Theorem 2.3, we can prove the above theorem.

Here we omit the proof.

When we set v = 1 in Theorem 3.10, we get Theorem 2.3.
Setting v = ¢ in Theorem 3.10, we have

Corollary 3.11. For m, n > 1, we have

Z": (6% @) (@™ )t @)1 (ta ™ @),y (t)’“‘l

Tl frl\mil
=™ Opin2(@ Qg1 (@5 @)y (1 —g" )" N
n ky -1 k-2 k1 -1
S TS M
) T 1 1~ Tom 111
-t )1 - S -t ) (1 gt

q lq
X - —_— .

ki,

b g1 kma-l kmm2]

Letting n — « in Theorem 3.10, we obtain
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Corollary 3.12. For m > 1, we have

0 (v m+1 /t‘ q)k L t k-1 _ (q; q)w(t; q)oo
;(tq L )1 (@5 @) (1 - vgh ) ( ) (g @), (ta™" /v @),
0 k-1 k-2 km-1-1
q q
;qzﬂ(l—tqkl‘Q)(l—vqkl) m21:1(1—tq A7) (1 - vgm1)

q tq
k
koo1l—vg™ == v —tug

X

k1 g1 kbmaatl g ome1
kp—m |’

Setting m =1 in Theorem 3.10, we have the following generalization
of the [ =1 case of [10, Corollary 3.2].

Corollary 3.13. For n > 1, we have
i vg; q vq [t q)_ 1(tq /U5 @), k( )kl N & -
v

= (, CI)n 1@ 9)_1(q; q),_;, (1 —vg ) 11_Uq k:1v—th

4. Two Identities of Fang

We notice that by using partial fraction decomposition technique, we
can also give new proofs of two identities found by Fang in [8].
Theorem 4.1 [8, Corollary 3.4]. We have

N il )*21 1 (@ Dy
Z j -1’q B (Z q)M+1 Z(Z Q)q

2q

Proof. Set

Py - LD Z(z 24

(Z Q)M+1

Performing partial fraction decomposition on F(z), we have

(4.1)
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For 0 < kK < M, we have

b, = lim (l—zq )F(2)

z—)q

G0 S e e

a7 b (25 @)y (2" @)y ki

(¢ q) S ~
¢ 9u D (a7 9)e’

;@)@ Dy 70
= (- 1)k [ ]Z(q ;q);q’

] m 1 glihe

k

(g

The last equation of this chain of equalities follows from the g¢-Chu-
Vandermonde identity [9, Appendix I1.6]

a - a _(e/aa)y n
201 59, 9| = , (4.2)
c;
. (9,
by setting @ = ¢ and ¢ = 0.
According to (4.1), we get Theorem 4.1. a

Theorem 4.2 [8, Corollary 4.1]. We have

Z() ) cwyglhs
2 q

it (=297 ) (4 9)(@ -

Proof. Set

q]

PO = 2 am
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Performing partial fraction decomposition on F(z), we have

Fz)= Y —t . (4.3)

For 0 < k < M, we have

b, = lim (1 - z¢" )F(2)

zg "
v
- Zgzn (1-2g )Z(:)—(Z; Dt
v
= leiqn ’(1 - 2q )Z];m

M
lim Z

= G Q)k(zq )

:Z(

; Q)k(q, Q)] k

_ 1)’“(1(5)*2’“ 5

(@ a) @9,

(1) gk

e

The last equation follows from the g-Chu-Vandermonde identity (4.2) by

setting @ = 0 and ¢ = ¢~

According to (4.3), we complete the proof of Theorem 4.2. |
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